The nonrelativistic energy together with relativistic and quantum electrodynamic corrections for all the molecular hydrogen isotopologues (D2, T2, HD, HT, DT) were evaluated without expansion in the electron-nucleus mass ratio. The obtained results significantly improve the uncertainty of theoretical predictions, reaching a value below 1 MHz for the total dissociation energy. We observe good agreement with the experimental value for D2 and 3 σ discrepancy for the HD molecule, while no experimental values for the dissociation energy of molecules involving tritium have yet been obtained.
INTRODUCTION
The dissociation energy of ortho-H 2 has recently been measured with sub-MHz uncertainty [1, 2] , which is smaller than the contribution due the finite size of the proton. Therefore, for the first time the molecular hydrogen spectroscopy has become sensitive to the nuclear charge radius. Similar progress is expected for HD and D 2 systems, which have been measured so far with 10 MHz uncertainty [3, 4] . Moreover, very accurate measurements of several molecular transitions for tritium-containing isotopologues have been obtained [5, 6] very recently, which indicates the possibility of measurements of their dissociation energies in the future.
The current theoretical dissociation energy of para-H 2 is 36 118.069 632(26) cm −1 [7] , which corresponds to 0.8 MHz of absolute uncertainty. It is in a good agreement with the most recent experimental value of 36 118.069 45(31) cm −1 [8] , which will soon be improved [9] . In this work we demonstrate that similar accuracy can be reached for all the other molecular hydrogen isotopologues: D 2 , T 2 , HD, HT, and DT.
The high accuracy of theoretical predictions for molecular levels can only be achieved with the approach, based on nonrelativistic quantum electrodynamic (NRQED) theory. According to NRQED, the total energy of an atom or a molecule can be represented by the expansion in powers of the fine structure constant α E(α) = n=2 mα n E (n) .
In our previous work on H 2 [7] , the first three terms-the nonrelativistic energy E (2) , the relativistic correction E (4) , and the leading QED correction E (5) -were calculated to a high numerical precision in direct four-body variational calculations. The higher order QED corrections were evaluated in the framework of the Born-Oppenheimer (BO) approximation, wherein the E (6) correction was evaluated in a complete way, but E (7) was merely estimated from the dominating terms, which are known from the hydrogen atom [10] . Here, the same method is applied to the heavier homonuclear isotopologues D 2 and T 2 , as well as extended further to heteronuclear systems HD, HT, and DT. The uncertainties assigned to theoretical predictions are below 1 MHz, which is an improvement by 1-2 orders of magnitude compared to the most accurate previous results.
NONRELATIVISTIC WAVE FUNCTION
The quality of the determination of the nonrelativistic wave function is of critical importance for achieving the high accuracy of theoretical results. In the direct nonadiabatic approach, in which all particles are treated on an equal footing, the wave function Ψ is a solution to the four-body Schrödinger equation H Ψ = E Ψ with E = E (2) and the Hamiltonian
The indices 0, 1 denote nuclei, and 2, 3-electrons. In the center-of-mass frame, the wave function Ψ depends only on the interparticle distances r ij and is represented as
where the P i↔j operator accounts for the symmetry with respect to the exchange of nuclei (applicable to homonuclear molecules) or electrons. Two types of explicitly correlated basis functions φ {k} are employed to expand the wave function-the nonadiabatic James-Coolidge (naJC) [11] or the explicitly correlated Gaussian (naECG) [12, 13] basis. The spatial function within the naJC approach is
where ζ 2 = r 02 + r 12 , η 2 = r 02 − r 12 , ζ 3 = r 03 + r 13 , η 3 = r 03 − r 13 , and R = r 01 . The α and β in Eq. (7) denote nonlinear variational parameters, common for the whole set of basis functions called 'sector', and k i are non-negative integers collectively denoted as {k}. (9) which ensures that the nonrelativistic wave function exactly satisfies the electron-electron cusp condition [14] . Namely, due to the electron-electron Coulomb interaction, the exact wave function Ψ(r 23 ) must behave for small r 23 as Ψ(r 23 ) ≈ Ψ(0) (1+r 23 /2) which is authomatically satisfied in the above basis. The internuclear r n 01 prefactor enables proper representation of the vibrational part of the wave function. The powers n of this coordinate are restricted to even integers within the range 0 − 80 and are generated following the log-normal distribution. The nonlinear a kl parameters are determined variationally in an extensive optimization process. The naECG wave function Ψ has been optimized for a sequence of growing basis set sizes to observe the convergence of the nonrelativistic energy. This convergence is presented in Table I and compared with the results of naJC calculations used here as a benchmark, because they are by far the most accurate ones in the literature. As can be inferred from this table, the naECG nonrelativistic energy is converged to at least 10 significant figures.
THE RELATIVISTIC CORRECTION
The relativistic correction can be expressed in terms of the expectation value
of the Breit-Pauli Hamiltonian (m = 1)
where index x goes over nuclei and a over electrons. The coefficient δ The result for relativistic correction to the dissociation energy D 0 is shown in Table II . D 0 differs from the expectation values of H rel by subtraction of the corresponding energy of separated atoms,
and the overall sign. It is worth noting that no term proportional to 1/m x is present in the above formula, so the relativistic recoil correction for separated atoms is of higher order in the mass ratio. Thanks to the regularization of the relativistic operators, which we performed in Ref. [7] , and the application of the variational wave function (9), the total relativistic contribution has a very good convergence with the size of the basis set, and the extrapolated values are accurate to at least six digits (see Tab. II) .
THE LEADING QED CORRECTION
The formula for the leading quantum electrodynamic correction E (5) for H 2 was obtained in Ref. [7] . However, the nonlogarithmic (m/m x ) 2 terms are unknown in the case of nuclei with spin s = 1/2. Because their numerical contribution is negligibly small, such terms are absent in the formula employed here 
where µ x = m x m/ (m x + m). The Bethe logarithm is given by [16] 
where
and the following numerical value of the atomic Bethe logarithm is used in the above ln k 0 (H) = 2.984 128 555 765 498 .
In the formulas (13)- (18) the expectation values are evaluated with the nonrelativistic wave function Ψ, and the notation in Eq. (13) . . . ǫ means the following limit
where the symbol γ denotes the Euler-Mascheroni constant, and θ is the Heaviside function. One subtle point to be clarified is the nuclear self-energy correction and the corresponding definition of the nuclear charge radius. This correction is insignificant for a regular hydrogen atom but non-negligible for muonic hydrogen (µH). So, for consistency with the determination of the proton charge radius r p in µH [17] , following Ref. [7] , we account for this effect in the total energy of the hydrogen molecule in a minimal way, by including in Eq. (13) only logarith-mic terms, and the nonlogarithmic terms are absorbed into the mean square nuclear charge radius.
BETHE LOGARITHM
Since the calculation of the Bethe logarithm ln k 0 is the most complicated one, we describe below its evaluation in more detail, extending our previous work [7] to two nuclei with different masses. We express ln k 0 in terms of the onedimensional integral [18] 
with the function f (t) defined as
which has the following Taylor expansion (23) with the coefficients (m = 1)
which has been obtained from the known high-k expansion by Korobov [20] , with all the terms proportional to δ 3 (r 01 ) being neglected. The integrand in Eq. (21), as a smooth function of t, was evaluated at 200 equally spaced points in the range t ∈ [0, 1], which enabled relative uncertainty higher than 10 −7 . In the numerical calculation of f (t), the resolvent in Eq. (22) was represented in terms of pseudostates of the form φ Π = r ab φ for all interparticle coordinates. The nonlinear parameters of φ Π were found by a maximization of f . The f (1) value can be determined analytically using the generalized Thomas-Reiche-Kuhn sum rule [19] 
which enables an assessment of the completeness of the pseudostates space and the uncertainty estimation. For the given size N of the wave function Ψ expansion, the size of the pseudostate basis set was chosen as N ′ = 3 2 N , which appeared to be sufficient for most of the t points. There were also additional factors taken into account for the accurate representation of the resolvent in Eq. (22) . The powers of the internuclear coordinate r 01 , analogously to the wave function, were restricted to even integers and were generated randomly for each basis function from the log-normal distribution within the 0 − 80 range. However, for small values of t (≤ 0.1), due to a cancellation in the numerator of Eq. (21), an additional tuning of the distribution was made and N ′ = 2 N was set to achieve high accuracy. Moreover, in this critical region of small t, the function f (t) was expanded in a power series in Eq. (23), and the higher order expansion terms were obtained from the fit to numerical values of f (t). In order to perform the integration in Eq. (21), we used a polynomial interpolation of the integrand for t > 0.1, and a power expansion for the critical region t ∈ [0, 0.1].
The convergence of the Bethe logarithm with the increasing size of the naECG basis is shown in Table III . Six significant figures can be considered stable and the estimated relative uncertainty is a half ppm for all molecules, as previously for H 2 .
HIGHER ORDER QED
The higher order QED corrections are calculated within the Born-Oppenheimer approximation. First let us consider the second iteration of the relativistic correction E (4) to the BO potential
where χ(R) is the radial nuclear wave function obtained from the radial Schrödinger equation with the Hamiltonian consisting of the nuclear kinetic energy and the nonrelativistic BO potential. This term is of α 6 order and is considered separately for consistency with the previous calculations of E (4) using the nonadiabatic perturbation theory. The main α 6 contribution is obtained by averaging the E (6) (R) potential obtained in the BO framework in Ref. [21] and the unknown 1/µ correction is estimated to be smaller than the numerical uncertainty of E (6) (R). Because of the significant increase in the accuracy of the QED correction achieved in this work, the dominating contribution to the uncertainty comes from the higher order E (7) correction. Currently, an explicit form of this correction is unknown, which prevents its accurate evaluation. Its first estimation, made within the BO approximation framework, was reported in Ref. [21] . Here, following [7] , we account for several additional terms, namely
0 − E
1 , where A, B, and C coefficients corresponds to the well known one-, two-, and three-loop hydrogenic Lamb shift [10] . Since we calculate the dissociation energy, the atomic values E are subtracted out. Finally, at the achieved accuracy level, the nuclear finite size effect cannot be neglected and it is accounted for by the following formula
where r 2 c0/1 is the mean square charge radius of the nucleus 0/1, λ is the electron Compton wavelength, and atomic values E 
FINAL RESULTS AND CONCLUSION
Theoretical predictions for the known contributions to the dissociation energies of all molecular hydrogen isotopologues are presented in Table IV . Thanks to the direct nonadiabatic calculation of the nonrelativistic energy [23] [24] [25] and also of the relativistic [13, 26, 27] and leading quantum electrodynamic corrections, the theoretical dissociation energy of all the isotopologues of molecular hydrogen has reached the level of 0.8 MHz (26 × 10 −6 cm −1 or 8 × 10 −10 of relative uncertainty). The higher order m α 6 QED contribution has been calculated [21] within the BO approximation, but the corresponding uncertainty is almost negligible. At present the accuracy of theoretical predictions is limited by the poorly known E (7) term of the α-expansion (1), which has been estimated using the atomic hydrogen values with 25% uncertainty, as in Ref. [7] . As a result, the significantly improved theoretical predictions for the ground state dissociation energy of the D 2 molecule (as well as for H 2 ) are in very good agreement with the most recent measurement [22] , but the experimental uncertainty is more than 20 times larger than the theoretical one. The situation is more intriguing for the dissociation energy of the HD molecule. Our theoretical prediction differs by 3 σ from the most recent measurement in Ref. [4] . If this experimental value is confirmed, this could indicate the existance of yet unknown physical effects, which are specific to heteronuclear molecules only. TABLE IV. Theoretical predictions for the dissociation energy budget for the ground level of the molecular hydrogen isotopologues. EFS is the finite nuclear size correction with rp = 0.8414 (19) fm [28] , r d = 2.12799(74) fm [28] , and rt = 1.7591(363) fm [29] . All the energy entries are given in cm −1 . 
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